We examine the effect of Landau level mixing on the braiding statistics of quasiparticles of abelian and nonabelian quantum Hall states. While path dependent geometric phases can perturb the abelian part of the statistics, we find that the nonabelian properties remain unchanged to an accuracy that is exponentially small in the distance between quasiparticles.
In 2+1 dimensions, quasiparticles may exist that obey nontrivial braiding statistics [1] . A well-known example occurs for the ν = 1/m Laughlin quantum Hall state, where taking one quasiparticle adiabatically clockwise around another accumulates a Berry's phase e 2πi/m which is independent of the details of the path, but depends only on its topology (i.e., that it went around the other particle). Since the braiding statistics is comprised only of a phase, this case is known as "abelian". In more complicated "nonabelian" quantum Hall states [2] , the ground state manifold can be expressed as a vector space, and taking one particle around some others applies a unitary matrix to this vector space, with the unitary matrix depending only on the topology of the path and not on its geometric details. This independence from details can in principle allow highly robust quantum information processing and is fundamental to the concept of topological quantum computation [1] .
It it known, however, that certain effects can introduce corrections to the braiding statistics of abelian quantum Hall states [3, 4, 5] . Most seriously, when Landau level (LL) mixing is taken into account, the long range Coulomb interaction can introduce corrections that are power law in the distance between quasiparticles. If similar corrections were to occur for the nonabelian braiding statistics of nonabelian quantum Hall states, it would present a fundamental barrier to the idea of topological quantum computation [1] . The purpose of this paper is to show that this does not occur. To be precise, we assume that we are given a quantum Hall wavefunction, fully in the lowest Landau level (LLL), which is in a well defined topological phase (with all its associated topological properties) and we then examine the effects of LL mixing. We find, for LL mixing not too large, to accuracy exponentially small in the distance between quasiparticles, only the abelian phases are perturbed -which then does not present a problem for the idea of topological quantum computation [1] .
At first glance, it might seem natural that nonabelian statistics would be better protected from perturbations than abelian statistics, as it is well known [6] that nonabelian statistics can only occur in a discrete set of varieties (which cannot be perturbed continuously) whereas there is a continuum of possible abelian statistics. However, this so-called Ocneanu rigidity [6] of nonabelian statistics is not sufficient to show that the nonabelian statistics are preserved under perturbation, as it possible that the result of taking a quasiparticle around a loop may end up being non-topological (i.e., may depend on the details of the path and not just its topology), and hence the perturbed system may not have a well defined braiding statistics at all. Indeed, this is precisely what happens in the abelian case [4] where the correction (from long range interactions and LL mixing) to the phase accumulated by taking one quasiparticle around another is dependent on the distance between the quasiparticles.
We start by reviewing how one calculates geometric phases and topological statistics associated with transporting quasiparticles in the LLL [1, 7] . For nonabelian quantum Hall states, in the presence of quasiparticles, the ground state is described by an arbitrary superposition of several wavefunctions Ψ i , which we call "blocks" (for the abelian case we have only a single block). If there are N electron coordinates z i and M quasiparticle coordinates w α , we write these blocks as
where ℓ is the magnetic length, e * is the quasiparticle charge, and we choose to work in holomorphic gauge where φ is holomorphic in all of its arguments. Although φ is single valued in the z coordinates, it may be multiple valued in the w coordinates (due to branch cuts), and this multiple valuedness is why there are multiple blocks φ i . We assume that these blocks are orthonormalized
If wavefunctions are generated as conformal blocks of a conformal field theory (CFT) with an appropriately chosen background charge, then the form of Eq. 1 in holomorphic gauge appears naturally [1, 2] . Orthonormality (Eq. 2) for conformal blocks is then often assumed [1, 7] so long as quasiparticles are well separated, although this has only been proven for a few special cases [8, 9] . For nonabelian quantum Hall states, the effect of adiabatically transporting a particle w around a closed loop is to apply some unitary matrix to the space of blocks |Ψ i → U ij |Ψ j . This matrix is the product of the explicit monodromy matrix M (which gives the explicit change in the wavefunction due to branch cuts when moving the coordinate w) and a Berry's matrix B given by [1, 10] 
where τ indexes the position of the quasiparticle, and P is the path ordering operator [11] . Writing the quasiparticle position in holomorphic and antiholomorphic coordinates we have d/dτ = (dw/dτ )∂ w + (dw/dτ )∂w. Noting that φ i is holomorphic, ∂w applied to |Ψ j acts only on the gaussian factors to give Ψ i |∂w|Ψ j = −δ ij (e * /e)(w/4ℓ 2 ). Similarly, using Eq. 2 we have ∂ w Ψ i |Ψ j = 0 so we can replace Ψ i |∂ w |Ψ j by −(∂ w Ψ i |)|Ψ j so that ∂ w acts only on the gaussians. We then easily obtain the abelian Berry's matrix B = δ ij e iγ where
where A is the area surrounded by the path. The fact that this is proportional to the area enclosed means that it is a geometric phase, and is therefore not considered part of the braiding statistics. Thus, the braiding statistics come entirely from the explicit monodromy of the wavefunction in holomorphic gauge. (For wavefunctions generated by CFT, the nonabelian statistics is thus the monodromy of the conformal blocks, assuming Eq. 2). The point of this paper is to extend this calculation to the case where LL mixing is included as a perturbation. Our starting point is to assume that the unperturbed state (fully in the LLL) is indeed a topological state of matter with all of its associated properties [1] . In particular we will assume (a) that if quasiparticles remain well separated then (to accuracy exponentially small in the separation between quasiparticles for large enough separations) blocks cannot be distinguished from each other by any topologically local measurement [12] . In addition, we note (b) that since the system is in a gapped phase, any sufficiently small change in the LLL Hamiltonian will not alter the topological phase of the system in the LLL, and in particular will not destroy property (a). This is consistent with the fact that for many quantum Hall states there is a broad range of LLL Hamiltonians that produce essentially the exact same wavefunctions.
Let us now be a bit more precise about assumption (a). Given an operatorÔ that acts nontrivially on electrons only in a region R, we say that the operator is "topologically local" if the region R consists of disconnected (well separated) regions each of which surrounds only a single quasiparticle or no quasiparticles. Assumption (a) is equivalent to the statement that for any topologically localÔ we must have Ψ i |Ô|Ψ j = Cδ ij for some C (which may be a function of the w coordinates). This assumption is crucial to the idea of using quantum Hall states for topological quantum computation, as the inability of any local operator to distinguish blocks is precisely the property that makes the space of blocks highly immune to decoherence. We emphasize again that this statement has not been proven in general, but is frequently assumed to be true. Note that ifÔ is any sum of topologically local operators, then Ψ i |Ô|Ψ j = Cδ ij remains true, and we think of this as also being topologically local.
To understand the effects of LL mixing, we first define the interaction operator V = dq v(|q|) ρ(q)ρ(−q), where ρ(q) is the density operator at wavevector q and v(q) = 2πe 2 exp(−qℓ v )/(ǫq) is the Coulomb interaction (with ǫ the dielectric constant) which we have cut off at some finite short length scale ℓ v to avoid singularities. (This cutoff may be provided in a physical system by finite well width, for example). It is convenient to work with a coherent state basis [13] for single particle wavefunctions which we write as ϕ R,n (r) = |R, n where n is the LL index and R is the guiding center coordinate. Although these coherent states are non-orthogonal, we still have the completeness relation
n dR |R, n R, n|. We define annihilation operators for an electron in such a coherent state c R,n = dr ϕ R,n (r)ψ(r) and using completeness obtain ψ(r) = (2πℓ 2 ) −1 n dR ϕ R,n (r)c R,n , where ψ is the usual electron annihilation operator. The density operator can then be written as
A key observation here is that the matrix element is local: | Rn|e iq·r |R ′ n ′ | reaches a maximum of order unity or less at R − R ′ =ẑ × qℓ 2 (whereẑ points normal to the plane) and decays exponentially for all |R − R ′ | > qℓ 2 . Since we have cut off the interaction at |q| ∼ 1/ℓ v this means that in a single application of the interaction V ∼ ρ(q)ρ(−q), no electron guiding center coordinate can be moved more than a distance of order ℓ 2 /ℓ v . Note that even though V is long ranged, it is a sum (or integral) of topologically local operators.
We now define an operator P 0 to be projection of all electrons to the LLL, and defineV = V − P 0 V P 0 to be the interaction, with the LLL part removed (i.e.,V is the part of the interaction that we want to treat as a perturbation). The unperturbed Hamiltonian will be H 0 = K + P 0 V P 0 with K the kinetic energy, and the full Hamiltonian is then H = K + V = H 0 +V . Given an eigenstate |Ψ of the full Hamiltonian, we define the LLL piece, |Ψ 0 = P 0 |Ψ . It turns out to be convenient to work with a normalization where Ψ 0 |Ψ 0 = 1. We thus write |Ψ u = |Ψ 0 + |Ψ ⊥ , where the superscript u means "unnormalized" and we construct the normalized wavefunction |Ψ = Z 1/2 |Ψ u with Z −1 = Ψ u |Ψ u . We write the Schroedinger equation as |Ψ u = (E − H 0 ) −1V |Ψ u and then project with 1 − P 0 to obtain |Ψ ⊥ =Ĝ(E)V (|Ψ 0 + |Ψ ⊥ ) where we have defined
where the sum is over only states k (with unperturbed energy ε k ) which are not fully in the LLL. Note that the energy denominator is (at least) of order the cyclotron energy ω c . We then obtain the full wavefunction
We have thus written a perturbation expansion for the full wavefunction |Ψ u in terms of its LLL component |Ψ 0 .
We now find an effective theory for wavefunctions fully in the LLL. We can rewrite the Schroedinger equation now as HX|Ψ 0 = EX|Ψ 0 which, projected to the LLL, can then be recast as H ef f |Ψ 0 = E|Ψ 0 , with the effective Hamiltonian H ef f = H 0 + δH 0 where δH 0 = P 0VX P 0 = P 0 [VĜV +VĜVĜV + . . .]P 0 . Here δH 0 is a LLL interaction that includes all of the effect of integrating out higher LL's exactly. The perturbed energy is thus given by E = ε 0 + Ψ 0 |δH 0 |Ψ 0 where ε 0 = Ψ 0 |H 0 |Ψ 0 is the unperturbed energy.
Our initial assumption is that the unperturbed system (H 0 in the LLL) is in a gapped topological phase. As mentioned above in (b) since the state is assumed to be gapped, perturbing the Hamiltonian slightly with the LLL interaction δH 0 cannot change the topological phase of matter within the LLL. Thus, we assume that the system defined by H 0 +δH 0 fully in the LLL is also in this topological phase, and in particular satisfies assumption (a) above. We denote the blocks of this perturbed LLL systems as |Ψ 0 i . From these blocks, we can use our above perturbation theory to generate the corresponding full wavefunctions |Ψ i as described above. What we will show below is that the nonabelian part of the braiding statistics of the blocks |Ψ i of the full multi-LL system must be the same as that of the LLL blocks |Ψ 0 i . First, let us re-examine Eq. 2 for the blocks of the full system. We define [X †X ] n to be the operatorX †X expanded to n th order in perturbation theory. (Each order in perturbation theory is a factor ofĜV and is order E coulomb / ω c = e 2 /(ǫℓ ω c ) ). As emphasized above, each application ofV can only move an electron a distance of order ℓ 2 /ℓ v (and application ofĜ does not move anything at all). Thus, the operator [X †X ] n can only move particles a maximum distance of nℓ 2 /ℓ v , and is therefore topologically local so long as quasiparticles are a distance d = Z −1 is independent of the block i. Similarly, using locality of δH 0 , we show that the energy E is also independent of the block.
We are now prepared to calculate the braiding statistics of the system with LL mixing. As above, we first calculate the Berry's matrix Eq. 3. Here we use the wavefunctions
We must now be cautious becauseX and Z depend not only on the quasiparticle position, but also on the energy E. We thus write d/dτ = (dw/dτ )∂ w|E + (dw/dτ )∂w |E + (dE/dτ )∂ E|w,w where we use derivative notation where parameters listed after the | in the subscripts are held constant. Fortunately, as shown in the appendix, Ψ i |∂ E|w,w |Ψ j = 0, so we can drop this term from d/dτ . We now proceed as above in the unperturbed LLL case. Application of ∂w |E to |Ψ j now acts only on the gaussian factors of |Ψ 0 j and on Z. We obtain Ψ i |∂w |E |Ψ j = δ ij [−(e * /e)(w/4ℓ 2 ) + (1/2)∂w |E log Z]. As above we use orthonormality (Eq. 2) to move ∂ w|E to act on Ψ i | giving a similar result. We again end up with an abelian Berry's matrix with phase γ +δγ where γ is as given above in Eq. 4 and δγ = −Im dw ∂ w|E log[Z −1 ]. Crucially, there is no nonabelian contribution from the explicit Berry's matrix, although the abelian contribution has a correction. Thus the nonabelian braiding statistics are again entirely given by the explicit monodromy. However, since both the normalization Z 1/2 and the energy E are independent of the block, and (by linearity) the monodromy ofX|Ψ 0 i is obviously the same as that of |Ψ 0 i , we find that the monodromy of the full wavefunction |Ψ i is the same as that of its LLL component |Ψ 0 i . This is the main technical result of this paper: the nonabelian part of the braiding statistics is independent of projection to the LLL (subject to the same condition that the quasiparticles are far enough apart and corrections are exponentially small in this distance). Note that our perturbative analysis relies on having a cutoff for the Coulomb interaction at some finite distance ℓ v (which is indeed true in experimental systems). One can ask if the result remains true without this cutoff. While our derivation cannot handle this case rigorously, it seems unlikely such details of the interaction would be important.
We note in passing that we can use similar techniques to study perturbations of systems completely in the LLL. For example, given a solvable Hamiltonian H 0 with a topological ground state in the LLL (such as the special interaction that gives the Read-Rezayi wavefunction as its exact ground state [15] ), and given a perturbation interactionV in the LLL, we can use an analogous argument to study H 0 +V where the perturbation parameter is nowV /∆ with ∆ the excitation gap of H 0 . Indeed, assuming (a) holds for blocks of H 0 , we can show that the blocks of H 0 +V also satisfy (a) so long asV is appropriately topologically local. This can be used as a rough "proof" of assumption (b) above.
We now return examine the abelian phase γ + δγ calculated above.
Since Z −1 = Ψ 0 |X †X |Ψ 0 = 1 + Ψ 0 |VĜ 2V |Ψ 0 + . . ., the correction δγ is order
